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In this work, we construct a new kind of rainbow functions, which has generalized uncertainty
principle parameter. Then, we investigate modified thermodynamic quantities and phase transition
of rainbow Schwarzschild black hole by employing this new kind of rainbow functions. Our results
demonstrate that the rainbow gravity and generalized uncertainty principle have a great effect on
the picture of Hawking radiation. They prevent black holes from total evaporation and cause a
remnant. In addition, after analyzing the modified local thermodynamic quantities, we find that
the effect of rainbow gravity and the generalized uncertainty principle lead to one first-order phase
transition, two second-order phase transitions, and two Hawking-Page-type phase transitions in the
thermodynamic system of rainbow Schwarzschild black hole.
I. INTRODUCTION
In the theoretical physics, one of the biggest challenges
is to combine the quantum theory with gravity theory. In
order to achieve this purpose, various quantum gravity
theories, such as the string theory, loop quantum grav-
ity, M-theory, and non-commutative geometry have been
proposed [1–5]. According to those theories, it is found
that the existence of a minimum measurable length,
which is expected to be of the order of the Planck scale.
However, under the linear Lorentz transformations, one
finds that the Planck length is variable, which is conflict
with the previous conclusions. To resolve this contradic-
tion, the standard energy-momentum dispersion relation
needs to be modified [6–8]. Nowadays, the modifications
of standard dispersion relation are called as modified dis-
persion relation (MDR) [9–11]. Interestingly, it should
be noted that the MDR can modify the special relativ-
ity. In Ref. [12], this generalization of special relativity
is called as double special relativity (DSR), which has
two invariants: the velocity of light c, and the Planck
length ℓp (or Planck energy Ep). However, DSR still two
flaws in the theory: one is the DSR can only be used
in flat spacetime, the other is the dual position space in
this theroy definition suffers a nonlinearity of the Lorentz
transformation. Therefore, Magueijo and Smolin gener-
alized the DSR into curved spacetime and proposed the
rainbow gravity (RG) [13]. In the RG, the energy of a
test particle affects the geometry. In other word, the
spacetime cannot be described by a single metric, but
a family of metrics (rainbow of metrics) parameterized
by the ratio E/Ep. According to the RG, the deformed
energy-momentum relation is given by
E2f2 (E/Ep)− p2g2 (E/Ep) = m2, (1)
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where Ep, p and m represent the Planck energy, the mo-
mentum and mass of a test particle, respectively. The
correction terms f (E/Ep) and g (E/Ep) are the rainbow
functions, which satisfy the limits lim
E/Ep→0
f (E/Ep) = 1
and lim
E/Ep→0
g (E/Ep) = 1. Those relations show that
the RG is constraint to reproduce the standard disper-
sion relation in low energy limit. According to energy
dependent modification to the dispersion relation, met-
ric in RG is given by g(E) = ηabea(E) ⊗ eb(E) with
the energy dependence of the frame fields e0 (E/EPl) =
(1/f (E/EPl)) e˜0 and ei (E/Ep) = (1/f (E/Ep)) e˜i.
In recent years, the implications of RG have been in-
vestigated in many contexts, such as cosmology, astro-
physics, and black hole physics [14–18]. In particular,
the RG has a very significant effect on the thermodynam-
ics of black holes. In Refs. [19–35], the authors studied
the modified thermodynamics of black holes by using the
RG. These results demonstrated that the modifications
are departed from the classical cases when the size of
black holes approach the Planck scale. It indicates that
the RG can stop the Hawking radiation in the last stages
of black holes’ evolution and naturally leads to remnants.
Therefore, the RG can used to address the information
loss and naked singularity problems of black holes. Re-
cently, according to the rainbow functions that were pro-
posed by Magueijo and Smolin, we discussed the thermo-
dynamics and phase transition of a spherically symmetric
black hole. Our calculations showed that the RG changes
the picture of black hole’s thermodynamic phase transi-
tion [36]. In addition, we found three Hawking-Page-type
phase transitions in the framework of the RG.
On the other hand, the minimum measurable length
can also change the conventional Heisenberg uncertainty
principle (HUP) to the so-called generalized uncertainty
principle (GUP). Since the GUP can be applied to many
physical systems, it attracted people’s attention now [37–
44]. In Ref. [37], Adler, Chen and Santiago pointed out
that uncertainties for position and momentum of the
GUP (namely, ∆x and ∆p) can be considered as the
temperature and radius of the black holes. With this
heuristic theory, they studied the GUP corrected Hawk-
2ing temperature of Schwarzschild (SC) black hole and
showed that the modified Hawking temperature of SC
black hole is higher than that of conventional case. How-
ever, in our previous work, by using the GUP together
with Hamilton-Jacobi equation, the GUP corrected ther-
modynamics of SC black hole are similar to the results
obtained in the framework of RG. This indicates that
there has some connection between the GUP and RG [45].
From the above discussion, it is interesting to incorporate
the GUP with RG to investigate the modified thermody-
namics and phase transition of black holes, this may lead
to some novel results. Following this line of research, we
construct a new kind of rainbow functions, which con-
tains the effect of GUP in this paper. Then, by using
this new kind of rainbow functions, the modified ther-
modynamics, thermodynamic criticality and the phase
transition of rainbow SC black hole will be analyzed.
The remainders of this paper are outlined as follows. In
Section II, we derive a MDR via the GUP that proposed
by Kempf, Mangano, and Mann. Then, comparing this
MDR with the general form of RG, a new kind of rain-
bow functions, which contains the GUP parameter is ob-
tained. In Section III, according to the new kind of rain-
bow functions, we calculate the modified thermodynam-
ics of SC black hole in the context of RG. In Section IV,
we study the modified local thermodynamic quantities
of rainbow SC black hole, and discuss the phase transi-
tion between the hot space and the states of black holes.
Finally, the discussion is given in Section V.
Throughout the paper, the natural units of kB = c = 1
are used
II. THE RAINBOW FUNCTIONS WITH
EFFECT OF GUP
To begin with, we need to recapitulate the way of get-
ting a MDR, which influenced by the GUP. In Ref. [46],
according to the GUP that proposed Kempf, Mangano,
and Mann, we derive a kind of MDR, and used it to
show that the GUP parameters can be constrained by
the gravitational wave event GW150914 and GW151226.
The expression of the GUP is given by
∆x∆p ≥ ~
2
[
1 + β (∆p)
2
]
, (2)
where ∆x and ∆p are the uncertainties for position and
momentum, respectively. β = β0ℓ
2
p = β0
/
M2p = β0
/
E2p
with the GUP parameters β0, and ℓp, Mp ,and Ep are
represent the Planck length, Planck mass, and Planck
energy, respectively. [47]. Based on Eq. (2), one can easy
obtain a nonzero minimal uncertainty ∆xmin ≈ ℓp
√
β0.
Furthermore, the operators for the modified position op-
erator xi and modified momentum pi in Eq. (2) can be
defined as
xi = x0i; pi = p0i
(
1 + βk2
)
, (3)
where usual position operator x0i and usual momen-
tum p0i are satisfying the canonical commutation re-
lations [x0i, p0j ] = i~δij , k
2 = δijk
0ik0j , thus k =√
δijk0ik0j . When considering a general gravitational
backgroundmetric ds2 = gabdx
adxb = g00dt
2+gijdx
idxj
the modified square of the four-momentum can be ex-
pressed as [48]
pap
a = gabp
apb = g00
(
p00
)2
+ gijp
0ip0j
(
1 + βk2
)2
. (4)
It is normally set that g00 = −1, in which case the space-
time of MDR is flat. Next, by ignoring the higher order
term O (β), the equation above can be rewritten as
pap
a = − (p00)2 + k2 + 2βk2k2. (5)
In the right side of Eq. (5), the first two terms form
the standard dispersion relation, that is − (p00)2 + k2 =
−m2. Thus, Eq. (5) can be rewritten as papa = −m2 +
2βk2k2, and its time component of the momentum be-
comes (
p00
)2
= m2 + k2
(
1− 2βk2) . (6)
Using the definition of a particle’s energy E = p00, the
energy of a particle can be expressed in terms of the three
spatial momentum and mass as follows
E2 − k2 (1− 2βk2) = m2. (7)
Now, for simplify the next research, we assume the
mass of the test particle is zero, so that the momen-
tum in Eq. (7) satisfying the standard massless energy-
momentum dispersion relation, that is E2 = k2. Further-
more, in order to obtain a MDR that consistent with Eq.
(1), we need retained the form of k2 outside parentheses
and replaced k2 in parentheses with the standard mass-
less energy-momentum dispersion. Finally, the Eq. (7)
can be rewritten as [31]
E2 − p2 (1− 2β0E2/E2p) = 0. (8)
Next, comparing Eq. (8) with Eq. (1), a new kind of
rainbow functions is obtained as follows:
f (E/Ep) = 1, g (E/Ep) =
√
1− 2β0E2
/
E2p . (9)
Now, by employing the GUP (2) and a general grav-
itational background metric, we construct a new kind
of rainbow functions (9). It is obviously that Eq. (9)
contains the GUP parameter β0 and the ratio E/Ep,
which indicates that it influenced by the effect of GUP
and RG. In addition, Eq. (9) satisfying the conditions of
lim
E/Ep→0
f (E/Ep) = 1 and lim
E/Ep→0
g (E/Ep) = 1 at low
energies. In the subsequent discussions, by incorporating
the rainbow functions (9) with a specific line element,
we investigate the modified thermodynamics of a rain-
bow black hole.
3III. THE MODIFIED THERMODYNAMICS OF
SCHWARZSCHILD BLACK HOLE IN THE
FRAME WORK OF RG
In this section, by utilizing the rainbow functions (9)
with the definition of surface gravity and first law of
thermodynamics, the modified thermodynamics of rain-
bow SC black hole are calculated. In Ref. [13], the line
element of rainbow SC black hole is given by
ds2 = A (r, E,Ep) dt
2 +B (r, E,Ep) dr
2 + C (r, E,Ep) dΩ
2
= −1− (2GM/r)
f2 (E/Ep)
dt2 +
[1− (2GM/r)]−1
g2 (E/Ep)
dr2 +
r2
g2 (E/Ep)
dΩ2,
(10)
where A (r, E,Ep), B (r, E,Ep) and C (r, E,Ep) repre-
sent the geometric properties of the rainbow black hole,
dΩ2 denotes the line elements of 2-dimensional hyper-
surfaces, which can be expressed as dθ2 + sin2 θdφ2 in
this work. Obviously, metric (10) has only one root
of rH = 2GM satisfying A (rH) = 0. For f (E/Ep) =
g (E/Ep) = 1, Eq. (10) reduces to the original metric of
SC black hole. According to the line element of rainbow
SC black hole, the surface gravity on the event horizon
is given by
κ = −1
2
lim
r→rH
√
−g
11
g00
∂r
(
g00
)
g00
=
g (E/Ep)
f (E/Ep)
1
4GM
. (11)
It is clear that the original surface gravity κ0 = 1/4GM
is modified by the rainbow functions. Using Eq. (11), one
can easily obtain the deformed Hawking temperature of
SC black hole
TmodifiedH =
κ
2π
=
g (E/Ep)
f (E/Ep)
TH =
√
1− 2β0E
2
E2p
1
8πGM
,
(12)
where TH = 1/8πGM is the original Hawking temper-
ature of SC black hole. One can see that the modified
Hawking temperature is depended on the GUP param-
eter β0, the ratio E/Ep and the mass of SC black hole,
which means that the GUP and RG have a very sig-
nificant effect on the thermodynamics of black hole.
When β0 → 0 or E/Ep → 0, the original Hawking tem-
perature is recovered.
Here, we have two schemes to eliminate the energy
ω dependence of the probe in Eq. (12). In scheme I,
the HUP ∆x ≥ 1/∆p still holds in the RG. Therefore,
the HUP can be translated into a lower bound on the
energy of a particle emitted in Hawking radiation, that
is, E ≥ 1/∆x [37]. Then, in the vicinity of the black hole
horizon, the uncertainty in the position can be taken to
be the radius of the SC black hole ∆x ≈ rH = 1/2GM .
Thus, one has the following relation
E ≥ 1
rH
=
1
2GM
. (13)
Substituting Eq. (13) into Eq. (12), the modified Hawk-
ing temperature becomes
TmodifiedH =
√
1− β0
2G2M2E2p
TH =
√
1− β0
M2p
2M2
1
8πGM
,
(14)
where in above equation the relation E−2p = M
−2
p = G is
used. It should be noted that the expression in the square
root can not be less than zero, namely, 1−β0M2p
/
2M2 ≥
0. Therefore, one can obtain a minimum mass of rain-
bow SC black hole, namely, Mmin = Mp
√
β0/2. The
minimum mass of rainbow SC black hole shows that the
minimum mass of rainbow SC black hole is related to β0
and Mp, it indicates that the rainbow SC black hole has
a remnant, which is of the order of Planck scale and can
be considered as a candidate of dark matter.
In scheme II, one can substitute the relation ∆p ∼
1/rH and MDR (1) into Eq. (12) [23–35, 49, 50], the
modified Hawking temperature becomes
T˜modifiedH =
√
1− 2β0E
2
p
2β0 + 4G2M2E2p
1
8πGM
. (15)
Now, by using Eq. (14) and Eq. (15), the behaviour of the
original Hawking temperature TH and modified Hawking
temperature of SC black hole is depicted in Fig. 1.
In Fig. 1(a), the black dotted curve represents the orig-
inal Hawking temperature of SC black hole for β0 =
0, whereas the red solid curve illustrates the modified
Hawking temperature of SC black hole for β0 = 1. This
diagram shows that the original Hawking temperature
tends to infinity as M → 0. On the contrary, the
modified Hawking temperature shows another image of
the black hole thermodynamics evolution. At the begin-
ning of the evolution, the behaviour of modified Hawking
temperature and that of original Hawking temperature
look very much alike, since the effect of quantum gravity
is weak at large scale. However, as the evolution pro-
gresses, the mass of the black hole gradually decrease,
the behaviour modified Hawking temperature deviated
from the original case. It rises at first, and then de-
creases rapidly after it reaches a maximum value. Fi-
nally, the modified temperature approaches zero when
the mass tends to its minimum valueMmin. However, the
behaviour of modified Hawking temperature (blue solid
curve) in Fig. 1(b) is different from that in Fig. 1(a).
In this case, T˜modifiedH becomes finite when the mass of
rainbow SC black hole goes to zero. Since the modified
Hawking temperature T˜modifiedH and its corresponding
thermodynamic phase transition have been studied in de-
tail in Refs. [49–51], we only focus on the Eq. (14) and
its corresponding thermodynamic phase transition in up-
coming contents.
Now, by using the area law [52, 53], the modified en-
tropy is
Smodified =
2πG
M
√
2− β0M2p
/
M2
Ξ, (16)
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FIG. 1. The T −M diagram of original SC black hole and
rainbow SC black hole, where G and Mp are equal to 1.
where Ξ =
√
2M
(
2M2 − β0M2p
)
+β0M
2
p
√
2M2 − β0M2p
ln
(
2M +
√
4M2 − 2β0M2p
)
. When β0 = 0, the above
equation becomes to the area law of the entropy of
black hole S = A/4 = 4πGM2 with the area of black
hole A, this is consistent with the original entropy in
Ref. [52]. Next, in order to determine whether the rain-
bow SC black hole exists a remnant, it is necessary to
further analyze the specific heat of rainbow SC black.
According to Ref. [45], the definition of specific heat is
given by C = TH (∂S/∂M) (∂TH/∂M)−1. Therefore, the
modified specific heat is
Cmodified = − 4πGM
4
M2 −M2pβ0
√
4− 2M
2
pβ0
M2
. (17)
From the equation above, it is found that Cmodified = 0
at Mmin = Mp
√
β0/2, which is equal to Eq. (15). For
β0 = 0, Eq. (17) recovers the original case C0 = −8πM2.
The associated C − M diagram is displayed in Fig. 2.
One can see that the value of original specific heat (black
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FIG. 2. The C −M diagram of original SC black hole and
rainbow SC black hole, where we set G = Mp = 1.
dashed curve) is always negative, and it vanishes when
M → 0. Different from the original one, the modified
specific heat (red solid curve) has a vertical asymptote
at a certain point, where the temperature of rainbow SC
black hole reaches its maximum value. It causes the value
of specific heat to change from negative to positive, which
implies a thermodynamic phase transition occurred at
this certain location. The specific phase transition of
rainbow SC black hole will be analyzed in the next sec-
tion. In addition, it is clear that the modified specific
heat vanishes when the mass of the reaches Mmin. Since
the black hole does not exchange their heat with the sur-
rounding spacetime when the specific heat is equal to
zero, we can determine the rainbow SC black hole has
a remnant at Mmin. Therefore, the remnant mass is
Mres = Mmin.
IV. MODIFIED LOCAL THERMODYNAMIC
QUANTITIES AND PHASE TRANSITION OF
RAINBOW SC BLACK HOLE
It is well known that the black holes have rich phase
structures and critical phenomena [54–63]. The phase
structures and critical phenomena of black holes have
been a subject of fascination for more than forty years
since they do not only offer a deep insight into the quan-
tum properties of gravity, but also allow for a deeper un-
derstanding of the thermal properties of conformal field
theories. Therefore, in this section, for investigating the
phase transition from the hot space to black hole, we
need to further study the local thermodynamic quanti-
ties of the rainbow SC black hole. In order to obtain the
local thermodynamic quantities, the rainbow SC black
hole needs to be located at the center of a spherical cav-
ity of radius R [64, 65]. Hence, the expression of local
5temperature of rainbow SC black hole is given by
Tmodifiedlocal =
√
1− β0
M2p
2M2
1
8πGM
√
1− 2GM
R
. (18)
As R → ∞, the above equation recovers the modified
Hawking temperature. When considering the cavity of
radius R as a invariable quantity, one can calculate the
critical value of black hole’s mass Mc, GUP parameter
βc, and local temperature Tc by the following equations
[36](
∂Tmodifiedlocal
∂M
)
R
= 0,
(
∂2Tmodifiedlocal
∂M2
)
R
= 0. (19)
Substituting Eq. (18) into Eq. (19), one can obtain the
critical mass, critical GUP parameter, and critical local
temperature as follows
Mc =
4R
15G
, βc =
16R2
375G2M2p
, Tc =
15
32πR
√
3
2
. (20)
For the convenience of discussion, here we setting R =
10, G = Mp = 1 as an example. Thus, one obtain
that Mc = 2.66667, βc = 4.26667 and Tc = 0.01827.
According to Eq. (18) and Eq. (20), the corresponding
“Tmodifiedlocal −M” diagram of rainbow SC black hole for
different β0 is depicted in Fig. 3.
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FIG. 3. The Tmodifiedlocal −M diagram of rainbow SC black hole
for different β0 with R = 10 and G =Mp = 1.
Fig. 3 depicts Tmodifiedlocal −M as a function of mass for
fixed G =Mp = 1 and R = 10. The value of β0 increases
from top to bottom. The red solid curve, black dashed
curve and blue dotted curve correspond to the critical
GUP parameter β0 = 0.234βc ≈ 1, β0 = βc = 4.26667,
and β0 = 1.17βc ≈ 5, respectively. Obviously, one can
observe a phase transition for 0 < β0 < βc. Hence, in or-
der to study the phase transition and critical phenomena
of rainbow SC black hole, we set β0 = 1 in the following
discussions.
Next, let us plot the original and rainbow local temper-
ature versus mass for G =Mp = 1 and R = 10 in Fig. 4.
The black dashed curve represents the local temperature
of original SC black hole, and the red solid curve repre-
sents the local temperature of rainbow black hole. The
evaporation process of SC black hole in the framework of
rainbow function is commonly organized in three stages:
at the first stage (M2 ≤ M ≤ M3), the rainbow local
temperature decreases through its evaporation process;
at the second stage (M1 ≤ M ≤ M2), the rainbow local
temperature increases as mass decreases, lasting up to
the mass in which it comes near to a maximum value;
at the final stage (M0 ≤ M ≤ M1), the mass of rain-
bow SC black hole cannot get smaller than M0 since the
negative temperature becomes violates the laws of ther-
modynamics, which indicates that the RG can stop the
black hole evolution and leads to a remnant. Hence, we
have M0 = Mres. Employing the first law of thermody-
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FIG. 4. The original and modified local temperature versus
mass at G =Mp = 1 and R = 10.
namics, expression of total internal energy is given by
Emodifiedlocal =
∫ M
M0
Tmodifiedlocal dS
=
R
G
(√
1− MpG
√
2β0
R −
√
1− 2GMR
)
.
(21)
When β0 → 0, the local energy of original SC black hole
Elocal = R
(
1−
√
1− 2GM/R
)/
G is recovered. Then,
using the modified local temperature Eq. (18) and the
total internal energy Eq. (21), the modified heat capacity
6at fixed R can be expressed as
Cmodifiedlocal =
(
∂Emodifiedlocal
∂Tmodifiedlocal
)
R
=
8πGM3 (R− 2GM)
√
4M2 − 2β0M2p
M
(
6GM2 − 2MR− 5β0GM2p
)
+ 2RM2pβ0
.
(22)
Clearly, when β0 vanishes, the Eq. (22) reduces to the
local heat capacity of original SC black hole Clocal =
8πGM2(R− 2GM)/(3GM −R) [66]. According to
Eq. (22), the variation of the heat capacity Cmodifiedlocal with
the mass M is plotted in Fig. 5.
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FIG. 5. The original and modified local heat capacity versus
mass with G =Mp = 1 and R = 10.
As shown in Fig. 5, the rainbow heat capacity of SC
black hole (red solid line) changes its sign at M1 and M2
for which the denominator in Eq. (22) vanishes. Mean-
while, the rainbow heat capacity Crainbow goes to zero
when mass approachesM0. WhenM →M3, the rainbow
heat capacity tends to the original case (black dashed
line) since the effect of GUP is negligible at this point.
The rainbow heat capacity is divergent at the extreme
points M1 and M2. Hence, the phase transitions near
there are second-orders. It is well known that the positive
heat capacity means the thermally stable state, while the
negative heat capacity is considered to be the unstable
solution. So, it is easy to find that the rainbow black hole
has one unstable region (M1 ≤ M ≤ M2), and two sta-
ble regions (M0 ≤ M ≤ M1 and M2 ≤ M ≤ M3). Now,
the rainbow black hole can be classified into three types
based on their local temperature and the heat capacity,
namely, a large black hole (LBH) for M2 ≤ M ≤ M3,
a small black hole (SBH) for M0 ≤ M ≤ M1, and a in-
termediate black hole (IBH) for M1 ≤ M ≤ M2, which
never appears in the original case. Obviously, the small
black hole (SBH) and the large black hole (LBH) are sta-
ble, showing that they can survive for a long time within
the frame of the RG theory. On the contrary, the IBH
is unstable because its heat capacity is negative, which
implies that it would decay into the SBH or LBH quickly.
In addition, it should be noted that the stability of the
black holes can be known from their free energy.
In order to obtain more details of the thermodynamic
phase transition of the rainbow SC black hole, we use
the three states of rainbow SC black hole to analyze the
phase transition. In Refs. [67, 68], the free energy is
defined as Fon = Elocal − TlocalS. Therefore, the free
energy of rainbow SC black hole is given by
Fmodifiedon =
R
G
(√
1− MpG
√
2β0
R −
√
1− 2GMR
)
−
√
2M
(
2M2 −M2pβ0
)
+∆
4M2
√
2− 4GM/R . (23)
where ∆ = M2pβ0
√
2M2 − β0M2p ln
(
2M +
√
4M2 − 2β0M2p
)
.
Note that Eq. (23) is reduced to the original free energy
for β0 = 0. Meanwhile, as seen from Fig. 6 that the
thermodynamic phase transition of the rainbow SC
black hole occurs for 0 < β0 < βc.
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FIG. 6. Variation in free energy of rainbow SC black hole
with local temperature for different β0 with G =Mp = 1 and
R = 10.
From Fig. 6, we show Fon curves with Tlocal for
different β0. The value of GUP parameter β0 increases
from top to bottom. It is clear that the swallow tail struc-
ture appears when the GUP parameter β0 is smaller than
the critical value βc, which indicates there is a two-phase
coexistence state. The results are consistent with the
profile of Tmodifiedlocal −M in Fig. 3. Meanwhile, Fig. 6 in-
dicates a reverse van der Waals like behavior for T > Tc,
which is completely different from the van der Waals one
of physical thermodynamic systems in Ref. [69].
7For further investigate the phase transition between
the black holes and the hot space, we plot Fig. 7.
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FIG. 7. (a) shows the original free energy of SC black hole
as function of the local temperatures. (b) shows the modified
free energy of SC black hole as function of the local temper-
atures. Here we choose G =Mp = 1 and R = 10.
As seen from Fig. 7(a), it is found that the original
free energy vanishes when M → 0 because the vacuum
state is Minkowski spacetime. Therefore, the FHFSon rep-
resents the free energy of the hot flat space (HFS). In
addition, the local temperature has a minimal value T ′1,
below which no black hole solution exists. The small-
large black hole (Hawking-Page) transition occurs at T ′c.
For T < T ′c, both the free energy of small and large black
holes are higher than the FHFSon , it means that the HFS
is more probable than the SBH and LBH. However, for
T > T ′c, the free energy of SBH is higher than the F
HFS
on
while the LBH is lower than the FHFSon , which indicates
that the LBH is more probable than the HFS. Therefore,
one can find the radiation collapse to the LBH, and the
SBH eventually decays into the LBH thermodynamically
[36].
Next, let us focus on Fig. 7(b) for G = β0 = Mp = 1
and R = 10. In contrast to the conventional one, the
rainbow free energy becomes to zero when M →Mres =
M0, which implies the rainbow SC black hole only exits
the hot curved space (HCS) [70]. Therefore, we study
phase transition between various black hole states and
the HCS via analyzing the free energies of the rainbow
SC black hole.
(i) The SBH and IBH are degenerate at T1 with the
massM1; the intermediate-large black hole transition oc-
curs at the inflection point T2 corresponding to M2. In-
terestingly, it is found two intersections points (Hawking-
Page-type critical points) between the line of free energy
and the FHFS at T
(1)
c and T
(2)
c in Fig. 7(b), while only
one Hawking-Page phase transition in the original case,
as seen from Fig. 7(a).
(ii) There is a one-order phase transition at critical
temperature T first−orderc since the images shows a char-
acteristic swallow tail behavior.
(iii) For T0 < T < T
(1)
c , the free energy of IBH and
LBH are higher than the FHCSon , whereas the SBH is lower
than FHCSon , it implies that the stable SBH is more prob-
able than HFS. For T
(1)
c < T < T first−orderc , both SBH
and LBH are lower than the FHCSon . It should be noted
that LBH and IBH should decay into SBH since the free
energy of SBH is lower than those of IBH and LBH in
this region. Consequently, for T0 < T < T
first−order
c ,
SBH should undergoes a tunneling, which indicates that
the HFS can collapse to SBH. As the local temperature
increase, one finds that free energies of black holes sat-
isfy the relation FLBHon < F
SBH
on < F
HCS
on < F
IBH
on for
T first−orderc < T < T
(2)
c . Then, the relation becomes
FLBHon < F
SBH
on < F
IBH
on < F
HCS
on for T
(2)
c < T < T1, it
means that HCS does not only collapse into SBH but
also into IBH and LBH. However, the IBH with negative
heat capacity is unstable. Therefore, it would decay into
the SBH. Meanwhile, it is obvious that the free energy
of SBH is always higher than free energy of the LBH, it
leads to the SBH eventually decays into the LBH ther-
modynamically. Therefore, for T first−orderc < T < T1,
the HCS would eventually decays into the LBH via the
quantum tunneling effect.
V. DISCUSSION AND CONCLUSION
In this paper, we first derived a new kind of rainbow
functions, which contains the GUP parameter. Then,
we considered this rainbow functions to investigate the
modified thermodynamics and phase transitions the rain-
bow SC black hole. First of all, our results showed that
the rainbow functions change the picture of Hawking ra-
diation and stop the evaporation of a black hole as its
size approaches the Planck scale. It naturally leads to
a remnant of SC black holes, which can be considered
as a candidate of dark matter. Second, as seen from
Fig. 3, the phase transition occurs when the GUP pa-
8rameter is smaller than the critical points. Therefore,
we have set the rainbow parameters as β0 = 1 in order
for the study to be focused and feasible. Third, since
the heat capacity enjoys two divergencies in Fig. 5, it
demonstrated the thermodynamic system of rainbow SC
black hole has two second order phase transitions at M1
and M2. Fourth, according to the “Fon − Tlocal” dia-
gram, one can find an unstable black hole (IBH) inter-
polating between the stable SBH and LBH, which never
exists in the original case. Fifth, the Fmodifiedon surface
showed the swallow tail shape, which indicates that the
thermodynamic system of rainbow SC black hole exists
a first-order transition. Sixth, it is found two Hawking-
Page-type critical points from Fig. 7(b), while only one
Hawking-Page critical point in the original case. Finally,
for T0 < T < T
First−order
c , since the free energy of SBH is
lower than those of the IBH and LBH, the unstable IBH
and stable LBH decay into the stable SBH. However, for
TFirst−orderc < T < T1, it is obviously the free energy of
stable LBH is always lower than those of the SBH and
IBH, this leads to the SBH and IBH eventually collapse
into the LBH thermodynamically.
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